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$\mathbb{Q}$ $B$ $B$ $p$
$R$ $R^{\cross}$ $R$ $J\supset$ $B$
$\mathbb{Q}$ $v$ $B_{v}=B\otimes_{Q}\mathbb{Q}_{v}$ $v<\infty$
$D_{v}=O\otimes_{\mathbb{Z}}Z_{v}$ $Kfin=\prod_{v<\infty}\mathfrak{O}_{v}^{\cross}$ A $\mathbb{Q}$
$A^{\cross}$
$\mathbb{Q}$








(cf. [8]). $x=(x_{v})_{v}$ $xOx^{-1}$ $\bigcap_{v<\infty}(x_{vv}J\supset x_{v}^{-1})$
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$m_{\pi}$ $m_{\pi}=1$ $B_{A}^{\cross}$ $G$
$\pi$ $V_{\pi}$ $V_{\pi,G}$








$\dim_{\mathbb{C}}V_{\pi,B_{\infty}^{\cross}K_{hn}}.\neq 0$ $\pi=\otimes_{\text{ }}\pi_{v}$ $\pi_{\infty}$
$p$ $\mathbb{Q}_{p}^{\cross}J\supset_{p}^{\cross}$ $\pi_{p}$
$B_{p}$ $\mathbb{Q}_{p}$ division algebra $\mathfrak{Q}_{p}$ $B_{p}$
$\varpi_{p}$ $\varpi_{p}l\supset_{p}$ $O_{p}$ $(\varpi_{p}D_{p})^{2}=pl\supset_{p}$
$[B_{p}^{\cross}:\mathbb{Q}_{p}^{\cross}D_{p}^{\cross}]=2$
$\pi_{p}$ 1
dimc $V_{\pi,B_{\infty}^{x}Kfin}\neq 0$ $\pi=\otimes_{v}\pi_{v}$
$\pi_{p}$ 2
(cf. [5, p.62]) $1_{v}$ $B_{v}^{\cross}$ $\chi_{v}$ $\mathbb{Q}_{p}^{\cross}$ 2
$\chi_{v}1_{v}$ 2 $n_{v}$ $B_{v}$
$\chi_{v}1_{v}(g_{v})=\chi_{v}(n_{v}(g_{v}))$ dimc $V_{\pi,B_{\infty}^{\cross}K_{Rn}}\neq 0$
$\dim_{\mathbb{C}}V_{\pi,B_{\infty}^{\cross}Kfin}=1$
(11) $H_{B}=|\{\pi=\otimes_{v}\pi_{v}\in\overline{B_{A}^{\cross}}|m=1,.\pi=1_{\infty},$$\pi_{p}=t_{0}\backslash$
$\int f\vec{\Rightarrow\text{ }}$ $v\neq\infty,pl_{\vec{L}}$
$\iota^{o}\backslash$ $\chi\pi$pvlp $\}|$




Lemma 10] $B_{A,l\supset}^{\cross}$ $B_{\infty}^{\cross}Kfin$ $[B_{A,\mathfrak{Q}}^{x}A^{\cross};(B_{\infty}^{\cross}Kfin)A^{\cross}]=2$







$\mathbb{C}|$ Im(z) $>0\}$ SL $($ 2, $\mathbb{R})$
$g\cdot z=(az+b)(cz+d)^{-1}$ , $g=(\begin{array}{ll}a bc d\end{array})\in$ SL $($ 2, $\mathbb{R}),$ $z\in \mathfrak{H}$
$P$ $\Gamma_{0}(p)$
$\Gamma_{0}(p)=xM(2, Z)x^{-1}\cap$ SL(2, Z), $x=(\begin{array}{ll}1 00 p\end{array})$
189
SL $($ 2, $\mathbb{Q})$ $\Gamma$ $k$ 2 $\Gamma$
$k$ $S_{k}(\Gamma)$
$S_{k}(\Gamma)=\{f:\mathfrak{H}arrow \mathbb{C}|su|{\rm Im}(z)^{k/2}f(z)|<+\infty f()=(cz+d)^{k}f(z)^{\forall}z\in\hslash f$
$\ovalbox{\tt\small REJECT}^{1\rfloor},,,$
$\forall_{\gamma=}(\begin{array}{ll}a bc d\end{array})\in\Gamma,$ $\}$
$S_{k}(\Gamma_{0}(p))$ $S_{k}^{01d}(\Gamma_{0}(p))$
$S_{k}^{old}(\Gamma_{0}(p))=\{c_{1}f(z)+c_{2}f(pz)|c_{1},$ $c_{2}\in \mathbb{C}$ and $f\in S_{k}$ (SL(2, $Z))\}$
$\dim_{C}S_{k}^{01d}(\Gamma_{0}(p))=2\cross\dim_{C}S_{k}$ (SL(2, $Z)$ )
$S_{k}^{new}(\Gamma_{0}(p))$ Petersson
$S_{k}(\Gamma_{0}(p))$ $S_{k}^{old}(\Gamma_{0}(p))$ $S_{k}^{new}(\Gamma_{0}(p))$
Atkin-Lehner involution $S_{k}$ (Fo $(p)$ ) $W_{p}$
$(W_{p}\cdot f)(z)=p^{-k/2}z^{-k}f(-1/pz)$






$L^{2}($PGL(2, $\mathbb{Q})\backslash PGL(2,$ $A))$ $R_{dis}$ PGL(2, A)
PGL(2, A) PGL(2, A)
$R_{dis}\cong$ $\oplus$ $m_{\pi}^{dis}\cdot\pi$
$\pi\in P\overline{GL(2,}A)$
1 $m_{\pi}^{dis}=0$ 1 K-type SO(2)
$e^{i\theta}\mapsto e^{ki\theta}$ PGL(2) $\sigma_{k}$
$v$ $K_{v}=$ GL $($2, $Z_{v})$ $K= \prod_{v<\infty}K_{v\text{ }}$
$K_{0}(p)=K_{0,p} \cross\prod_{v<\infty,v\neq p}K_{v}$
, $K_{0,p}=\{(\begin{array}{ll}a bc d\end{array})\in K_{p}|c\in pZ_{p}\}$
$\pi=\otimes_{v}\pi_{v}$ $\pi fin=\otimes_{v<\infty}\pi_{v}$ $\pi$ $H=K$
or $K_{0}(p)$



















$v$ GL $($ 2, $\mathbb{Q}_{v})$ Steinberg $St_{v}$ $\mathbb{Q}_{v}^{\cross}$
2 $\chi_{v}$ $\chi_{v}$St. $\chi_{v}$ $St_{v}$
$\chi_{v}St_{v}(g_{v})=\chi_{v}(\det g_{v})\cross St_{v}(g_{v})$ Casselman [2]







Atkin-Lehner involution St $-1$ $\chi_{p}St_{p}$ 1
(cf. [13]) $k/2$ (resp. k/2 )
(1.4) $\dim_{\mathbb{C}}S_{k}^{new+}(\Gamma_{0}(p))=$
$|\{\pi=\otimes_{v}\pi_{v}\in PG\overline{L(2,}A)|m--1,\cong\sigma_{k},\pi_{p}\cong t(resp.St)/0^{\backslash }$
$\int\pm^{B},\iota_{\overline{\llcorner}}$
$\iota^{p}\backslash ,$ $\}|$ ,
$\dim_{C}S_{k}^{new-}(\Gamma_{0}(p))=$






$\pi_{v}f\ovalbox{\tt\small REJECT} pS(resp$ $t_{J^{\backslash }}^{t_{p})}\mathbb{I}R\}|$
(1.1), (1.2), (1.3), (1.4) $H_{B}$ $T_{B}$
GL(2) Jacquet-Langlands
$\infty$ $B_{\infty}^{\cross}$ 1
$\infty$ PGL$($ 2, $\mathbb{R})$ $\sigma_{2}$
$p$ $B_{p}^{\cross}$ $1_{p}$ (resp. $\chi_{p}$
$\chi_{p}1_{p})$ PGL $($2, $\mathbb{Q}_{p})$ Steinberg $St_{p}$ (resp. Steinberg $\chi_{p}$
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$\chi_{p}St_{p})$ (1.1), (1.2), (1.3), (1.4)
(1.5) $H_{B}=\dim_{C}S_{2}^{new}(\Gamma_{0}(p))+1$ and $T_{B}=\dim_{\mathbb{C}}S_{2}^{new+}(\Gamma_{0}(p))+1$
$S_{2}$ (SL(2, $Z)$ ) $=\{0\}$ $S_{2}^{new}(\Gamma_{0}(p))=S_{2}(\Gamma_{0}(p))$
(cf. [4])
2.
$H_{B}$ (cf. [3, 8]) $d_{\mathbb{C}}S_{k}^{new}(\Gamma_{0}(p))$
dimc $S_{k}^{new\pm}(\Gamma_{0}(p))$ (cf. [6, 17])
(15)
[6] 2 $k$ $p$
$\dim_{C}S_{k}^{new}(\Gamma_{0}(p))=\frac{k-1}{12}(p-1)+\frac{1}{4}(-1)^{k/2}\cdot\nu_{p,2}+\frac{1}{3}t_{k,3}\cdot\nu_{p,3}+\{\begin{array}{ll}-1 if k=20 if k>2^{\cdot}\end{array}$
$( \frac{-1}{p})=\{$lif $p\equiv$ lmod4,
$0$ if $p=2$
$( \frac{-3}{p})=\{$
$-1$ if $p\equiv 3mod 4$
$0$ if $p=3$
lif $p\equiv 1$ mod3,
$-1$ if $p\equiv 2mod 3$
$t_{k,3}=\{\begin{array}{ll}1 if k\equiv 0 mod30 if k\equiv 1 mod 3, \nu_{p,2}=((\frac{-1}{p})-1), \nu_{p,3}=((\frac{-3}{p})-1)-1 if k\equiv 2 mod3\end{array}$
Atkin-Lehner involution [17]
$p$ $p>3$ 2 $k$
$trW_{p}=-\frac{(-1)^{k/2}}{2}h(-p)\eta_{p}+\{\begin{array}{l}1if k=20 if k>2\end{array}$










$\dim_{\mathbb{C}}S_{k}^{new}(\Gamma_{0}(p))\equiv\{\begin{array}{l}0 mod2 if p\equiv 1or3 mod81mod2 if p\equiv 5or7 mod8\end{array}$
$\dim_{\mathbb{C}}S_{k}^{new+}(\Gamma_{0}(p))$ $trW_{p}\equiv$
$\dim_{\mathbb{C}}S_{k}^{new}(\Gamma_{0}(p))mod 2$ tr$W_{p}$ $k>2$
$p>3$




GL $($ 2, $\mathbb{C})arrow$ GL$(i+1, \mathbb{C})$ $i$ Symj $\rho_{k,j}=\det^{k}\otimes Sym_{j}$
2 2
$\mathfrak{H}_{2}=\{Z\in M(2,$ $\mathbb{C})|{}^{t}Z=Z$ ${\rm Im}(Z)$ $\}$
$M(2, \mathbb{C})$ $\mathbb{C}$ 2 2
$Z\in M(2, \mathbb{C})$ $\mathbb{Q}$ 2 SP(2)
$Sp(2)=\{g\in GL(4)|g(\begin{array}{ll}O_{2} I_{2}-I_{2} O_{2}\end{array}){}^{t}g=(\begin{array}{ll}O_{2} I_{2}-I_{2} O_{2}\end{array})\}$
Sp $($ 2, $\mathbb{R})$ 2
$g\cdot Z$ $:=(AZ+B)(CZ+D)^{-1}$
$(Z\in Ji2$ $g=(\begin{array}{ll}A BC D\end{array})\in Sp(2, \mathbb{R}))$ Sp $($2, $\mathbb{Q})$ $\Gamma$
$S_{k,j}(\Gamma)$ (1) (2)
$f$ : $i$ $2arrow \mathbb{C}^{j+1}$
(1) $f(\gamma\cdot Z)=\rho k,j(CZ+D)f(Z)\chi(\gamma)(^{\forall}\gamma=(\begin{array}{ll}A BC D\end{array})\in\Gamma,$ $\forall Z\in \mathfrak{H}_{2})$ ,





GSp(2) $=\{g\in$ GL(4) $|^{\text{ }}\lambda(g)\in$ GL(1) st. $g(\begin{array}{ll}O_{2} I_{2}-I_{2} O_{2}\end{array}){}^{t}g=\lambda(g)(\begin{array}{ll}O_{2} I_{2}-I_{2} O_{2}\end{array})\}$
$Z$ $GSp(2)$
$G=$ PGSp (2) $=$ GSp(2) $/Z$
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$\pi$ $GSp(2, \mathbb{R})^{+}=\{g\in$ GSp(2, $\mathbb{R})|\lambda(g)>0\}$
$K fin=\prod_{v<\infty}K_{v}$ GSp $($ 2, $Afin)$
$v$
$K_{v}\supset\{diag(x,$ $x,$ $y,$ $y)\in$ GSp(2, Z.) $|x,$ $y\in Z_{v}^{\cross}\}$
$\Gamma$
$\Gamma=$ GSp $($ 2, $\mathbb{Q})\cap(GSp(2,\mathbb{R})^{+}Kfin)$
$G(A)$ $\pi=\otimes_{v}\pi_{v}$ $\pi fin=\otimes_{v<\infty}\pi_{v}$
$\pi f\ln$ $V_{\pi,fin}$ $N_{\pi,K_{6n}}$
$N_{\pi,Kfl_{11}}=\{v\in V_{\pi,fin}|\pi fin(k)v=v (^{\forall}k\in Kfin)\}$
$\pi$ dimc $N_{\pi,Kfin}$ $G(\mathbb{R})$
$\sigma_{k,j}$
$K$-type $Sp(2, \mathbb{R})$ $U(2)$






$K_{1,p}=G(\mathbb{Z}_{p})\cap x_{1}M(2, Z_{p})x_{1}^{-1}$ , $x_{1}=$ diag $($ 1, 1, $p,p)$ ,
$K_{2,p}=G(\mathbb{Q}_{p})\cap x_{2}M(2, Z_{p})x_{2}^{-1}$ , $x_{2}=$ diag $($ 1, 1, $p,$ $1)$
$l=0,1$ , or 2
$K_{l,fi:)}= \prod_{v<\infty,v\neq p}G(Z_{v})\cross K_{l,p}$
$K_{l,fin}$
Sp $($ 2, $\mathbb{Z})=$ GSp $($ 2, $\mathbb{Q})\cap(GSp(2, \mathbb{R})^{+}K_{0,fin})$
$\Gamma_{0}^{(2)}(p)=$ Sp$($ 2, $\mathbb{Z})\cap x_{1}M(4, Z)x_{1}^{-1}$ , $K(p)=$ Sp $($ 2, $\mathbb{Q})\cap x_{2}M(4, \mathbb{Z})x_{2}^{-1}$
$\Gamma_{0}^{(2)}(p)=$ GSp$($2, $\mathbb{Q})\cap(GSp(2,\mathbb{R})^{+}K_{1,fin})$ ,
$K(p)=$ GSp $($ 2, $\mathbb{Q})\cap(GSp(2, \mathbb{R})^{+}K_{2,fin})$
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$Y(k,j,p)=\{\begin{array}{l}\dim_{\mathbb{C}}S_{j+2}^{new-}(\Gamma_{0}(p))\cross\dim_{\mathbb{C}}S_{j+2k-2}^{new-}(\Gamma_{0}(p))+\dim_{\mathbb{C}}S_{j+2}^{new+}(\Gamma_{0}(p))\cross\dim_{\mathbb{C}}S_{j+2k-2}^{new+}(\Gamma_{0}(p)) if k is even\dim_{\mathbb{C}}S_{j+2}^{new-}(\Gamma_{0}(p))\cross\dim_{C}S_{j+2k-2}^{new+}(\Gamma_{0}(p)) ‘+\dim_{\mathbb{C}}S_{j+2}^{new+}(\Gamma_{0}(p))\cross\dim_{\mathbb{C}}S_{j+2k-2}^{new-}(\Gamma_{0}(p)) if k is odd\end{array}$
$SK(k, j,p)=\{\begin{array}{ll}0 if j>0\dim_{C}S_{2k-2}^{new+}(\Gamma_{0}(p)) if j=0 and k is even,-\dim_{\mathbb{C}}S_{2k-2}^{new-}(\Gamma_{0}(p)) if j=0 and k is odd\end{array}$
$E(k,j,p)=\dim_{\mathbb{C}}S_{k,J(\Gamma_{0}^{(2)}(p))-\dim_{\mathbb{C}}S_{k,j}(K(p))-2\cdot\dim_{\mathbb{C}}S_{k,j(Sp(2,Z))}}$
$-Y(k,j,p)-SK(k,j,p)$ .
(Hashimoto, Ibukiyama, W., Tsushima )
[16, Theorem 3] $k\geq 5,$ $j\geq 0$ $E(k, j,p)$
$E(k,j,p)$
Roberts Schmidt (cf. [11, 14]) Sally-
Tadic[12] GSp $($ 2, $\mathbb{Q}_{p})$ (IIa IIIb ) $R$
$X(R, k,j,p)$ $\pi=\otimes_{v}\pi_{v}\in G(A)$
(i) $\pi_{\infty}\cong\sigma_{k,j}$
(ii) $\pi_{p}$ belongs to the class $R$ ,




$= \sum_{\pi\in X(IIIa,k,j,p)}2\cdot m_{\pi}^{dis}+\sum_{\pi\in X(IIIbk,j,p)},(-2)\cdot m_{\pi}^{dis}+\sum_{\pi\in X(IVb,k,j,p)}2\cdot m_{\pi}^{dis}$
$+ \sum_{\pi\in X(IVck,j,p)},(-2)\cdot m_{\pi}^{dis}+\sum_{\pi\in X(IVdk,j,p)},(-2)\cdot m_{\pi}^{dis}+\sum_{\pi\in X(VIa,k,j,p)}m_{\pi}^{dis}$
$+ \sum_{\pi\in X(VIb,k,j,p)}m_{\pi}^{dis}+\sum_{\pi\in X(VIc,k,j,p)}(-1)\cdot m_{\pi}^{dis}+\sum_{\pi\in X(VIdk,j,p)},(-1)\cdot m_{\pi}^{dis}$
$G$
$L^{2}$- $\pi=\otimes_{v}\pi_{v},$ $\pi_{\infty}\cong\sigma_{k,j}$ (cf.
[1] $)$





$S_{k,j}(K(p))$ $S_{k,j}$ (Sp(2, $Z)$ ) (Y) $SK_{k,j}(\Gamma)$
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(SK) $S_{k_{\dot{\theta}}}(\Gamma)$ (SK) [7, 15]
$SK(k,j,p)=$ dimc $SK_{k,j}(\Gamma_{0}^{(2)}(p))-$











$+ \sum_{\pi\in X_{G}(IVck,j,p)},(-2)\cdot m_{\pi}^{dis}+\sum_{\pi\in X_{G}(IVdk,j,p)},(-2)\cdot m_{\pi}^{dis}+\sum_{\pi\in X_{G}(VIak,j,p)},m_{\pi}^{dis}$
$+ \sum_{\pi\in X_{G}(VIbk,j,p)},m_{\pi}^{dis}+\sum_{\pi\in X_{G}(VIck,j,p)},(-1)\cdot m_{\pi}^{dis}+\sum_{\pi\in X_{G}(VIdk,j,p)},(-1)\cdot m_{\pi}^{dis}$
(G)
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